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Abstract. In this paper, by using examples of hybrid systems of a dynamically coupled discrete
subsystem of rigid bodies and continuous subsystem, the method for obtaining frequency
equations of small oscillations is presented. Also, a theorem of small oscillations frequency
equations is defined. By using examples, analogy between frequency equations of some classes
of these systems is identified. Special cases of discretization and continualization of coupled
subsystems in the light of these sets of proper circular frequencies and frequency equations of
small oscillations are analyzed. The set of the frequency equation theorems of small oscillations
of the hybrid system containing coupled discrete and continuous subsystems are defined.
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1. INTRODUCTION

Current research in the theory of discrete dynamical system oscillations is directed to
nonlinear phenomena, as well as to nonstationary processes, and also to stochastic-like
and chaotic-like processes in purely deterministic dynamical systems and conditions. In
the theory of oscillations of continuous systems also nonlinear phenomena and damage
and fracture structure of dynamical systems are topics of some premier journals and inter-
national scientific meetings and conferences. Pure elastic systems are now not in the focus
of researchers.

In accordance with close specializations of researchers we can not find more examples
which considered mixed systems consisting of coupled discrete and continuous subsys-
tems (see Refs. [2] and [3]). And not very often are there some analytical results. We can
conclude that new computer tools with power computer possibilities directed philosophy
of considerations of real systems dynamics by using discretization of continuum as the
way and method for solutions of problems, and by using many iterations continualizations
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26 K. R. (STEVANOVIC) HEDRIH

of solutions. Discretizations and continualizations (see Ref. [18]) in the process of solu-
tion and analysis of dynamical processes are opposite directions and good method for
proving calculations and conclusions.

In the époque of large numerical experiments over dynamical systems I think that it is
very important to make some new classical examples of frequency equations useful for
teaching process in the theory of linear vibrations.

In the papers [2] and [3], by using examples of mixed systems of statically coupled
discrete subsystem of rigid bodies and continuous subsystem, the method for obtaining of
small oscillations frequency equations is presented. Small oscillations frequency equa-
tions of coupled deformable body and holonomic conservative systems are obtained. Us-
ing numerical experiment connections between own small oscillations, circular frequen-
cies of the mixed system and subsystem of the rigid bodies and deformable body are study
and analyzed. Using the MathCAD software graphical presentations of a set of small os-
cillations circular frequencies of the deformable body with "perturbations" caused on in-
teraction of subsystem small oscillations of rigid bodies were obtained. Through exam-
ples, the analogy between frequency equations of some classes of these systems is identi-
fied. Special cases of discretization and continualization of coupled subsystems in the
light of these sets of proper circular frequencies and frequency equations of small oscilla-
tions are analyzed.

These examples are very important as a basis of the hybrid system research (see Refs.
from [4] to [18]).

2. INTRODUCTION MODEL OF A HYBRID SYSTEM CONTAINING TWO SUBSYSTEMS AS
DYNAMICALLY COUPLED DISCRETE SUBSYSTEM OF RIGID BODIES AND CONTINUOUS SUBSYSTEM

Let us consider two subsystems: one elastic rod, whose axis is straight, as a continuous
system solid deformable body with following parameters: E, p,/, A, and with two rigid
bodies on the ends with weights at the free ends with masses m,, and m, (see Figure 1.).
This rod and a discrete system with n degree of freedom are coupled by dynamical con-
straint in the form of rolling element with kinetic parameters m, J., R. For example, this
discrete subsystem is chain system of the » material particles with masses m;,
i=1,2,3,...,n, translatory movable along line parallel to the rod’s axis; these masses are
connected by springs with rigidities ¢;, i = 1,2,3,...,n. We consider connections between
longitudinal vibrations of the elastic rod and free oscillations of the chain material parti-
cles system. Let us determine the frequency equations of the defined mixed system of the
coupled discrete subsystem of rigid bodies and continuous subsystem.

Now, we consider two linear subsystems of discrete material particles with #» degrees
of freedom and also with n + 1 degrees of freedom, and we choose n generalized coordi-
nates x;, i = 1,2,3,...,n, and corresponding matrix A (and X) of inertia coefficients and
matrix C (and C) of quazielastic coefficients:

A=(ay), i=123,m j=123,.,n

. C (M
C= (cl.j), i=123,.,n j=123,..,n
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A=(,), i=0123,.,n; j=0123...n

- (2)
C=(@,), i=0123m j=0]123,.,n

where

Aoy =gy, Gy =dy+ay, do=d5=0y, dy=05=0 a; =4a;,

i,j#0,1

Co=0,¢,=¢,, ¢;=¢,=0, ¢;=c¢;, i,j#0,1,i=123,.,n; j=123,...n (3)

i

and with external excitation in the form of the force F(¢) of the subsystem dynamical in-
teraction as a generalized force to the coordinate u(/,t) = x,(t) = X(§)T(¢) .
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Fig. 1. Small oscillations of the mixed system of coupled discrete and continuous subsystems
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2.1. Kinetic energy of the dynamical constraint — coupling element

Angular velocity of the disk rotation, with mass m and mass inertia axial moment Jc,

X

between two masses mg and m; is: =% =% _and velocity of the mass center is:
R

v = X +% | Kinetic energy of the coupling nonlinear and linear systems is:
RUREL TS| W SR B E ) 4)
k(1,2) P c cWc B P C 2R .
or
Ilm J Ilm J 1 m J
E ) =—| —+—5 [xg +—| —+—5 |57 +=2x,%,| ———= 5
H2) 2{4 4R2}° 2[4 41{2}1 2 10{4 4R2} ©)
I . . .. o
Ey2 :E(aoox§ + a4+ 235 dg,) (6)
where
n m J N m J N m J
o=yt W M Ty @

Then we have a hybrid system with dynamic, but also linear, constraint between
subsystems as dynamic coupled subsystems.
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2.2. Differential equation of the longitudinal oscillations
of the elastic rod and boundary conditions

In accordance with the notations in the Figure 1 u(x,f) represents longitudinal
displacement of the rod’s cross section at the distance X measured from the left rod’s end in
the axis direction at the time ¢. Partial differential equation of the longitudinal oscillations is:

o*u(x,t) _ 0*u(x,t)

8
o’ o’ ®)
where is: ¢} =—.
p
Solution of (1) is in the following form:
u(x,1) = X(x)T(?) ®
where:
X(x) =C, cos hx + C, sin Ax (10)

T(t) = Acoswt + Bsin ot

Longitudinal oscillations of the beam with multi body chain with changeable numbers of
material particles.

Using the boundary conditions of the subsystem of the longitudinal rod’s oscillations
(see Ref. [1]) as well as the compatibility conditions of displacements and forces as
interactions of the coupled subsystems we can write:

[mp 82u()2c,t):| _ [E A Gu(x,t)} a1
ot o o,
0*u(x, 1) R ou(x,t)
{mo v ]M = [ EA_@x lé +F() (12)
where

u(l,1) = x, (1) = X(E)T(®) 13)

Taking into account that
{x}={AIT(¢) and X, =-0"A4T(t)=-Ew,4T(t) (14)

the force F(¢) of the subsystem dynamical interaction can be represented in the following
form:

F(@) = _[&ooxo )+ &01551 (H]= &2@5 [&oox(g) + &01A1 IT(2) (15)
Let us introduce the following notations:

mp m,

= = =M

Hp Y H, Y g
2
oo B EE g oo

pp pl
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dX(x) _, dX(®) _EdX(€) _EA

s e s

dx dg ¢ d& /
A o 2
N Aoo N Aoy 115,
=, = N u, = 16
Moo A/ Mo A/ 0 c (16)
LCZE LA:X’ ﬁm:&a ﬁn:ﬂ
Co m, m, m,

And by introducing the proposed solutions (9) into boundary conditions and conditions of
the compatibility displacements and forces we can write:

H,EX(0) +EX'(0) = 0 (17)

&2[uo + ﬁoo 1X(€)-&X'(¢) = E,~2l:l01A1 (18)

Using X(§) =C,cos§+C,sin& and the corresponding derivative with respect to the
argument & : X’(&) =-C;sin§+C, cos& , from previous equations we can obtain:
Mpizcl +8C, =0 (19)
EC[E(u, + ﬁlOO)COS E+sinE]+EC,[E(1, + lloo)Sin §—cosg]= &2ﬁ01Al
where 4, is unknown amplitude of the first generalized coordinate X, .
The determinant of the previous system of algebraic equations with respect to the C,, C, is:

AE) = A MPE:Z ) €
E[E(1y + o) cosE+8inE]  E[E(K, + [igg)sin& —cosnE]
A(g) = Z':z {upELE(Ly + 1) sInE —cos E] = [E(1, + [1y)) cos & +sin E]} (20)

and these coefficients we can express by following expressions:

- _ ﬁlOIAl&.a (21)
ek, + ﬁloo) sin& —cos&]—[&(k, + }:loo)COS E+singl}

_ ol A48 22)
ek, + ﬁloo) sin& —cos&]—[&(k, + l:loo) cos& +sin&]}

2

2.3. Differential equations of the material particles
in the discrete subsystem with boundary conditions

Now, we consider two subsystems of discrete material particles with n degrees of
freedom and also with n+1 degrees of freedom, and we choose n generalized coordinates
x;, i=1273,....n, and the corresponding matrix A (and K) of inertia coefficients and

matrix C (and C) quazielastic coefficients and with external excitation in the form of the
force F(¢) of the subsystem dynamical interaction as a generalized force to the coordinate

u(l,) = x, (1) = X(E)T() .

29



30 K. R. (STEVANOVIC) HEDRIH

System of the differential equations of the discrete subsystem with corresponding
boundary conditions in the matrix form is:

A{X}+CEYy =-FO)L {1} (23)
where is:
X 1
X 0 0
w=1" i- 0 =1 (24)

. 0 :

xnfl 0 0

X, 0

The dimension of the matrix fo is nxn and matrix {/} nxl,

Also we can write:
dgyXy + ag X, = —F (1)

A{i}+ Cix} = _(&01550 + &11551)10{[} (23%)
Where

=1 0 (24%)

X} = T() ={A4T(0)  {&} =~ {4T({) = - og {4} T() (25)

2.4. Frequency equation of the coupled longitudinal oscillations
of the elastic rod and discrete system of the material particles

Taking into consideration (21)-(22) we can write

u(l,t) = x,(¢) = X(O)T(¢t)
7 3 26
u(l,t) =(C,cos&+ C,sin&)T(¢) = —%(cos& —u,Esing)T(r) (26)
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And taking into account that: iC:E and 1 A=A, form the system of differential
Co m,

equations in matrix form (23) we can obtain the following matrix equation:
AL} + Clx} = (X, +a;, X)), @7

Taking into account expressions (26) and (26) and corresponding second derivatives
with respect to time we obtain the following matrix equation with respect to unknown
amplitudes {A}:

~ g3
= <.~ =~ b .
C—azu{A{uu ~Fio s (eosE - Lsin @M (4 = {0} (28)
Previous matrix equations are algebraic homogeneous equations and for nontrivial
solutions it is necessary that determinant of this system is equal to zero. From this
condition we can obtain the following characteristic frequency transcendent equation:

~ 3

C_‘gz”o[A+|:ﬁ11 ~Ho PZ(IE) (Cosé';—upésin&)}lo]

=0 (29)

Where
Ag) = gz pEE(K, + }100) sing —cos&]—[E(u, + }100) cos&+singl}.

This is the main result of this consideration of the mixed system of coupled subsystems
free oscillations. We can see that this equation consists of two parts: one part is
expression of the frequency equations of the discrete system oscillations, and second of
the deformable body frequency equation connected by one member with previous, which
is correction of the first inertia matrix coefficient

a*, =a, "{ﬁu - B FAZ)(lg (cos& —ppEsin %):| . (30)
or that
a*,=ma*, =a, +|:&11 —ay, I:Z)(lé) (cos€—p,Esin é)} (30%)

From last expression (30) we can conclude that interaction between the subsystems
dynamically coupled is expressed by the coefficient of interaction or influence expresses
by coefficients of inertia correction in the form:

~ 3
allimemction = _&01 LZ)(IE’) (COS& - uPa Sin a) (3 1)

Then the coefficient of the mass inertia a*,, =qa,, +4,,

+ @) inceraciion CONtAINS three parts:

one coefficient of the mass inertia of the discrete subsystem, second part is the coefficient
of mass inertia of dynamical constraint, and the third part is coefficient of the of
interaction or influence continuous subsystem to the discrete subsystem.
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Taking into consideration that for hybrid system with same subsystems as in this
considered subsystems, but with statically connection by spring frequency equation is in
the form (see References [2] and [3] by Hedrih):

C—&u,A+ 1_K_<§ cost—Esing) I, =0 32
Euy [ A(i)( E—pE &):| 0 (32)
where: A(8) = &{upE[(Ho&> — K)sin &~ & cos &] ~[(y&” — k) cos& +Esin&]} and

c, = E, K :C—O, ¢, 1s the coefficient of the rigidity of the spring - static connection

between subsystems. Then, we can see that this equation (32) consists of two parts: one
part is expression of the frequency equations of the discrete system oscillations, and
second of the deformable body frequency equation connected by one member with
previous, which is correction of the first coefficient of the quasielastic matrix coefficient
in the form:

e, =En+l—%(cosa—upasm® (33)
or in the form:
c*=q,+¢ —Co%(COS&—Mpisini) (33%)

From last expression (33) we can conclude that interaction between statically coupled
subsystems is expressed by coefficient of interaction or influence is by the coefficient of
quasielastic correction in the form:

K
K

AE)

then coefficient of the spring rigidity is ¢*,, =¢,; + ¢, + C1intoraeion it CONtains three parts:

(cosE —p,Esing) (34)

1linteraction™

one is the quasyelastic coefficient of the discrete subsystem, second part is the coefficient
of elasticity of the static constraint, and the third part is coefficient of the of interaction or
influence continuous subsystem to the discrete subsystem.

3. THE SET OF THE FREQUENCY EQUATION THEOREMS OF SMALL OSCILLATIONS OF THE
HYBRID SYSTEM CONTAINING COUPLED DISCRETE AND CONTINUOUS SUBSYSTEMS.

In the paper [2] and in this paper, we presented the research results of the analysis
interactions between discrete subsystem and continuous subsystem to the frequency
equations for the case of the static or dynamic constraints for realizations of the coupling.
On the basis of these research results we can formulate the following theorems:

Theorem 1. Let us have two subsystems:

* one ideally elastic rod, as a continuous system solid deformable body with following
parameters: E, p, £, A, and with two rigid bodies on the ends with weights at the free ends
with masses m, and m, (see Figure 1); and
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* second a linear subsystem of discrete material particles with n degrees of freedom
and described by n generalized coordinates x;, i = 1,2,3,...,n, and corresponding matrix A
of inertia coefficients and matrix C quazielastic coefficients:

A=(a,), i=123.,m; j=123,.0n

. . (3%)
C=(c;), i=123,..,n; j=123,.,n

* let these subsystems be coupled by dynamical constraint in the form of the rolling
element (see Figure 1) with kinetic parameters m, Jc, R between coordinates
u(l,t) = x,(t) and x,, then the frequency equation is in the following transcendent form:

=0 (36)

C - ézuo [X + |:ﬁ11 —Ho io(lg (cos€—p,Esin é)i|IoJ

where A(E) = & {MpE[E(, +igg) sin & — cos E] ~[£(k, + i) cosE +sinE]} and notations
used in the form (16).

Theorem 2. Let us have two subsystems:

* one ideally elastic rod, as a continuous system solid deformable body with following
parameters: E, p, /, A, and with two rigid bodies on the ends with weights at the free ends
with masses m, and m, (see Figure 1); and

* second a linear subsystem of discrete material particles with n degrees of freedom
and described by n generalized coordinates x;, i = 1,2,3,...,n, and corresponding matrix A
of inertia coefficients and matrix C quazielastic coefficients:

A=(a,), i=123.,m; j=123,.0n

. . (37
C=(c;), i=123,...,n; j=123,.,n

* let these subsystems be coupled by dynamical constraint in the form of a rolling
element (see Figure 1) with kinetic parameters m, J¢, R between coordinates u(/,t) = x, ()

and xi, then the frequency equation is in the form of frequency equation of the discrete
subsystem

|E— Eu, A *| =0 (38)
in which coefficient of inertia a,; is extended by two terms

i,
A©)

and that interaction between subsystems dynamically coupled is expressed by coefficient
of interaction or influence expressed by coefficient of inertia correction in the form:

(cos&—piEsin @} (39)

w ~
a 11—a11+|:a11 ay,

A 3
allinteraction = _&01 lz)(lé) (COS& - “Pé Sil’l é) (40)

33
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where A(E) = &7 {1 E[E(1, + [ig) Sin & — cos E]—[E(1, + [y ) cos & +sin £]} and notations used
in the form (16). The coefficient of the mass inertia a*,, = a,, + 4, + 4 in cracrion CONtAINS three
parts: one is the coefficient of the mass inertia of discrete subsystem, second part is the
coefficient of the mass inertia of dynamical constraint, and the third part is the coefficient of
interaction or influence of continuous subsystem on the discrete subsystem.

Theorem 3. Let us have two subsystems:

* one ideally elastic rod, as a continuous system solid deformable body with following
parameters: E, p, ¢, A, and with two rigid bodies on the ends with weights at the free ends
with masses m,, and my (see Figure 1.); and

* second a linear subsystem of discrete material particles with n degrees of freedom
and described by n generalized coordinates x;, i = 1,2,3,...,n, and corresponding matrix A
of inertia coefficients and matrix C quazielastic coefficients:

A=(ay), i=123m j=123,..n

41)
C=(c,), i=123m; j=123,..n

* let these subsystems be coupled by static constraint in the form of spring element of
negligible mass and with coefficient of rigidity ¢, between elements with coordinates
u(l,t) = x,(t) and x,, then the frequency equation is in the following transcendent form:

=0 (42)

E—&zuox—{l—%(cos&—u@sin&)}lo

where: A(E) = E{uE[(W,E” —1)sinE —EcosE] —[(1E —Kk)cosE +EsinE]} and notations
used in the form (16).

Theorem 4. Let us have two subsystems:

* one ideally elastic rod, as a continuous system solid deformable body with following
parameters: E, p, ¢, A, and with two rigid bodies on the ends with weights at the free ends
with masses m, and m, (see Figure 1.); and

* second a linear subsystem of discrete material particles with n degrees of freedom
and described by n generalized coordinates x;, i = 1,2,3,...,n, and corresponding matrix A
of inertia coefficients and matrix C quazielastic coefficients:

A=(a,), i=123,..n; j=123,..n

. . (43)
C= (Cij)’ i=123,.,n j=123,.,n

* let these subsystems be coupled by static constraint in the form of a spring element
of negligible mass and with coefficient of rigidity ¢, between elements with coordinates
u(l,t) = x,(t) and x,, then the frequency equation is in the form of the frequency equation

of the discrete subsystem
|C*—&u,A| =0 (44)
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in which element of the quasielastic matrix ¢;; is extended by two additional parts:

cfh=a+q _CO%(COS&’_MPaSina) (45)

where: A(E) = E{u,E[(1,E7 —K)sin & —EcosE] —[(1E — k) cosé +EsinE]} and notations

used in the form (16). The interaction between subsystems statically coupled is expressed
by coefficient of interaction or influence expressed by coefficient of quasielastic
correction in the form:

Cl linteraction _CO % (COiJ - “P&Sina) (46)

then coefficient of the spring rigidity is ¢*,, =¢;; + ¢+ interaciion @1 contains three

parts: one coefficient of the quasielastic coefficient of the discrete subsystem, second part
coefficient of elasticity of static constraint, and third part is coefficient of interaction or
influence of continuous subsystem on the discrete subsystem.

4. SPECIAL CASES OF THE FREQUENCY EQUATION OF THE DYNAMICALLY COUPLED
LONGITUDINAL OSCILLATIONS OF THE ELASTIC ROD AND DISCRETE SUBSYSTEM OF THE
MATERIAL PARTICLES

In the developed form derived frequency equation (29) of free oscillations of the
hybrid system of the considered dynamically coupled subsystems take the following form:

P
ky = E:2uo[ﬁ11 + 1y~ Hoy L;UTIE) (COS E—pEsin é)j kyy — Ef”u“lz ks — E:zuop'u ky, — EJZMU“M
ky, = ‘V%z“opm ky— ‘gzuouzz kyy — ‘gzuoum ky, = ézuouzn (47)
ks — ézu()u“ ks, — &zuupn kyy = azuouss ks, = ézuuusn =0
ko o_g? ko _E? P ko _g?
o — & Ul 2 =G Ughly, Ky, = EugH, n — & Uk

For the case of the coupled elastic rod longitudinal oscillations and chain discrete
material particles system oscillations, the previous frequency equations take the following
form:

y —ézua[ﬁn iy iy FA‘“ia(cosz—msiné)j ~k,
Ag)
-k, ky +k, —E ugp, —k,
—k, k2+k3—§2u0u3 : =0

(43)

_krrfl
ko +k, = izuopn

For the case when elastic rod is dynamically connected with one material particle with
one spring we obtain:

35
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ki _gzuo(ﬁu + Wy —Hy ﬁz)(lé) (cos&—ppEsin g)j =0 (49)

and taking into account expression (20) we can write the following :

uoﬁmﬂm‘tﬁ + &k, - gzuo (B + 1y )M + 1 + (g )

188 = = ~ — (50)
(U, = & (1, + 1y IR (R + g )&™ =11+ ppttgflg g &
For the free left end of therod p, —0
~ A g3
. u
(95 = (1, + i) - — bttt (s1)

[k - &2”0 (ﬁn +1)]

For the case when one end of the rod is fixed — case of the cantilever rod, in the
previous frequency equation we can introduce |, —  , and than we obtain:

1t = _ [k — %Z”O(Nﬁll +u)] S (52)
E(ho + Foo) Ay — &g (g, + 1y )]+ ugkg g, &

For the case of a free material particle connected by one spring to the rod we can write:

(- é;ZL‘()lfll)
(Ko + Koy — “o&zuoul)

G1ge = (53)

For two material particles connected to a rod as a chain, we obtain:

}101533
A©)

{kl —ézuo[ﬁn +1y; — By (cos&—ppEsin é))}(kl +k, —F,zuouz) _k12 =0 (54)

where:
AE) = &7 {1 pE[E (1 + gy ) SINE — cOS E] — [E(M + Lgp) COS E +sin E]} (55)

For three material particles chain the frequency equation is:

P
ky _ézuo(ﬁn +Hy _lNJ-(n%(COSé_HPQSin é)} —k
—k by + ey =g, —k, =0 (56)
—k, ky +k; —§2u0p3

For the case when we have discrete material particles homogeneous chain, frequency
equation obtains the following form:
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l—gzﬁo[ﬁ“+l—ﬁm%&S(cos&—ppe’;sine’;)] -1
-1 2-&%, -1 (57)
-1 2-8%, =0
2-&%, -1
-1:  2-8&4,

For the special case of the three material particles homogeneous chain, the frequency
equation obtains the following form:

fio &’
A®)

[(2-&%,)* —1]{1 - E.>2L70[ﬁ11 +1-1,, (cOsE—ppEsin %)J} ~(2-¢%)=0 (58)

5. ANALOGY BETWEEN THE FREQUENCY EQUATION OF THE COUPLED LONGITUDINAL
OSCILLATIONS OF THE ELASTIC ROD AND DISCRETE SYSTEM OF THE MATERIAL PARTICLES
AND COUPLED TORSION OSCILLATIONS OF THE ELASTIC ROD AND CORRESPONDING
DISCRETE SYSTEM OF THE MATERIAL PARTICLES

By using analogy (see Ref. [28] and [29]) between two systems, and especially
between longitudinal and torsional oscillations of elastic rod with circle cross section we
can use previous analytical results for determining the frequency equation of coupled
small oscillations of mixed systems presented in Figure 1. and Figure 2.

In general case hybrid system consists of two subsystems: one elastic rod-shaft, whose
axis is straight, with parameters: G, p,/, A, I, and with two rigid discs at the free ends
with mass inertia moment with respect to the shaft axis: Jp and J,. This rod-shaft is
constrained by torsion spring with rigidity ¢, and coupled with discrete systems with n
degrees of freedom. For example, this discrete subsystem is mechanism in the form of
chain system of » material particles (or rigid bodies) with generalized masses m;,
i=1,23,....n, torsion (rotation) movable along circle line coaxial to the rod-shaft’s axis;
these masses are connected by torsion springs with rigidities ¢;, i=1,2,3,....n. We
consider connections between the torsional vibrations of elastic rod-shaft and free
oscillations of generalized chain material particles system-mechanism (examples in Figure
2). Let us determine the frequency equations of the defined mixed system of the coupled
discrete subsystem of rigid bodies and continuous subsystem.

Using the analogy

0(x,)=u(x,t) Jp,=>m, J,=>m, x,=06,
and taking into account that notation of the kinetic parameters for the case of torsional
vibrations we have:

J, J,
= = =\l
l’lP plof l’lo plof é
2
0)22739_&«‘_9:%2@3 mgzi

p P p pl?
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C,=GIO’ KC_O’ uo:mo_w(z).
4 c, C
N Ay ~ dy  ~ dy  ~ ay,
Moo oL,/ Moy oI,/ Moy J, My J, (59)

And those are analogous to the notation (16). For the kinetic parameters in the case when
the system is with longitudinal vibrations, all derived frequency equations are valid when
taking into account analogous notations (16) and (59).

C,r, %m, i=12345,6

C,4r,2m O\t HZ(t) X
¢ ; .
i <
5[ Jo)-
C™N
G.1,, p,. 0 0(1.1)
z
I ER(
SASIAAAN

Fig. 2. Small oscillations of the hybrid system of the coupled discrete and continuous
subsystems - Torsion oscillations of the cantilever shaft dynamical coupled with
multi body mechanisms with two chains of the changeable numbers of discs.

6. CONCLUDING REMARKS

From the obtained analytical results for natural longitudinal vibrations of an elastic
rod dynamically coupled with material particle discrete system, it can be seen that
connections are convenient for changing characteristic function depending on discrete
system material parameters, and that fundamental eigen-function depending on space
coordinate is dependent on boundary conditions and kinetic properties of dynamical
constraint and discrete subsystem coupled into hybrid system.

In this paper we returned to classical problems of the theory of oscillations,
dynamically coupled elastic body and subsystem of discrete material particles on selected
examples and at the same time we determined the corresponding frequency equations.

Results of a qualitative analysis on frequency function show that this equation
contains the members that express the influence of continual subsystem to the discrete
subsystem on frequency equations through mass inertia coefficient and that member is
expressed the influence of deformable body through transcendent member. We can see
from this inertia coefficient the perturbations of frequency spectre of own circular
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frequencies of discrete subsystem, by deformable body oscillations or vice versa. Similar
disturbances can be seen on the frequency spectre of a discrete system but with opposite
effects. We can see “the continualization of frequency spectra of discrete subsystem” on
the roots of the frequency equation. At the same time we can interpret these results as
discretization of the part of frequency spectra of continual system as a result of coupling
with a discrete system. It should also be stated here an analogy used between these
hybrid systems with dynamically, and also statically coupled subsystems, continuous and
discrete when it is possible to establish a direct analogy between longitudinal and
torsional oscillations of deformable body with circular annular cross-sections. That
enabled an analytical analysis to be conducted for one type of hybrid systems and results
to be used on another type. And at the end, it should be stressed again that the goal of
this paper was the solution of a classical but very concurrent task since the literature
contains a very small number of examples of such a task. Methodology of continuum
discretization and of continualization of discrete system which meet at border cases of
study of properties of real systems is very useful.

At end of this concluding remarks, we can define one generalized frequency equation
theorem of small oscillations of the hybrid system containing coupled discrete and
continuous subsystems.

Generalized Theorem 5. Let us have two subsystems:

* one ideally elastic rod, as a continuous system solid deformable body with following
parameters: E, p, ¢, A, and with two rigid bodies on the ends with weights at the free ends
with masses m, and m; (see Figure 1.); and

* second a linear subsystems of discrete material particles with n degrees of freedom
and described by n generalized coordinates x;, i = 1,2,3,...,n, and corresponding matrix A
of inertia coefficients and matrix C quazielastic coefficients:

A=(a,), i=123,.,n; j=123,.,n

. . (60)
C= (cl.],), i=123,.,n, j=123,.,n

* let these subsystems be coupled by a dynamical constraint in the form of rolling
element (see Figure 1) with kinetic parameters m, J¢, R between coordinates u(/,t) = x, ()

and xi, and also by a static constraint in the form of spring element of negligible mass and
with coefficient of rigidity ¢, between elements with coordinates u(/,¢) = x,(¢) and x,, then

the frequency equation is in the following transcendent form:

=0 (61)

C+|:1_ Aj%f_,) (cos& —pp&sin 2’5):|Io _&2”0[A+|}~111 —Hy Aﬁ:’f;) (cos& —pp&sin 2’5):|IOJ

where

A (&) = EppEl(o&” —1)sin &~ EeosE] —[(o&” — 1) cosE +EsinE]} (62)

A ()= E.sz pELE(M, + }loo)sin E—cos&]-[E(k, + }loo) cos& +sin&]} (63)

and notations used in the form (16).
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If we have hybrid linear system containing many continuous linear subsystems and

discrete linear subsystem with n degrees of freedom it is possible to make "corrections" of
mass inertia coefficients and quazielastic coefficients in the corresponding matrix and
compose frequency equation in the form [C*~&%,A* =0 but result is transcendent charac-
teristic equation with infinite number of the roots — characretistic eigen numbers, as well
as infinite numbers of eigen frequencies.
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TEOREME O FREKVENTNIM JEDNACINA MALIH
OSCILACIJA HIBRIDNIH SISTEMA, KOJI SADRZE

SPREGNUTE DISKRETNE I KONTINUALNE PODSISTEME

Katica (Stevanovi¢) Hedrih

Koriste¢i primer hibridnog sistema sastavljenog od dinamicki spregnutih podsistema krutih

tela i kontinualnog podsistema, postavijena je metoda dobijanja frekventnih jednacina malih
oscilacija hibridnih sistema. Takodje je postavijeno nekoliko teorema koje definisu osobine
frekventnih jednacina posmatrane klase hibridnih sistema. Koriste¢i primere i analogiju izmedju
nekih klasa hibridnih sistema pokazana je analogija izmedju njihovih frekventnih jednacina.
Specijalni slucajevi diskretizacije i kontinualizacije spregnutih podsistema u odnosu na njihove
skupove sopstvenih kruznih frekvencija i frekventnih jednacina malih oscilacija su prouceni.
Izveden je i dokazan skup teorema o frekventnim jednacinama je malih oscilacija hibridnih sistema
koji se sadrze, dinamickim vezama spregnute diskretne i kontinualne podsisteme.

Kljucne re¢i:  Hibridni system, spregnuti podsistemi, kruta tela, deformabilna tela,

frekventne jednacine, teoreme.
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